Abstract. In this paper we consider divisibility sequences obtained from square matrices. We work with of matrix divisibility sequences associated to a semigroup and arising from endomorphisms of an affine space. We prove that determinant divisibility sequences originated from powers of square matrices are generalized Lucas sequences.
Introduction
By the divisibility sequence we mean in this paper a sequence {d n } n∈N of integers such that if n|m then d n |d m . One of the most famous divisibility sequence is the Fibonacci sequence: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34,... which arise from linear recurrence: F n = F n−1 + F n−2 . This is an example of the Lucas sequences: L n = α n −β n α−β , where α, β are the roots of some quadratic polynomial over Z. See [2] for a complete classification of linear recurrence divisibility sequences and [5] , [6] for introduction to other divisibility sequences. In this paper we discus properties of certain matrix divisibility sequences. We follow the approach initiated in [1] .
Matrix divisibility sequence
Let S be a commutative ring with 1. Let M r (S) be a ring of r × r matrices with entries in S. By a divisor class of a matrix M ∈ M r (S) we mean a coset GL r (S)·M of M with respect to the natural left action of GL r (S) . We say that matrix M ∈ M r (S) divides a matrix N ∈ M r (S) if there exists a Q ∈ M r (S) such that N = QM. If M divides N, then any element of the divisor class of M also divides N. Let (Γ, ·) denote a semigroup. A divisibility sequence of matrices over a commutative ring S, indexed by Γ, is a collection of matrices {M α } α∈Γ in M r (S), such that if α divides β in Γ, then M α divides M β in M r (S). If {M α } α∈Γ is a divisibility sequence of matrices, then by the multiplicativity of the determinant {det(M α )} α∈Γ is a divisibility sequence of elements of the ring S.
We fix a faithful representation:
of Γ into the group of endomorphisms of affine m-dimensional space A m S over S. Definition 2.1. Let x ∈ A r S . The matrix divisibility sequence associated to (Γ, [·] ) is the sequence of Jacobians {J α (x)} α∈Γ which are r × r matrices with (i, j)−entry given by partial differentials:
where ([α](x)) i is an ith entry of the value of the endomorphism [α] on x. The associated determinant divisibility sequence is defined by {det(J α (x)} α∈Γ .
Main Result
Theorem 3.1. Let X ∈ GL r (Z) and λ 1 , . . . , λ r be eigenvalues of X. Then for every n ≥ 1:
is an integer and the sequence {D n } n∈N is a determinant divisibility sequence.
Proof: Let X, Y, Z be square s × s matrices. Assume that entries of matrices Y and Z are functions of entries of the matrix X. Then the following matrix derivative formula holds ( [4] ):
where ⊗ means the Kronecker product, I is the identity matrix of rank s and A t means the transpose matrix of A. In addition we will use property of the Kronecker product:
for any square matrices A, B, C, D of size s × s. From now on we fix Γ = N. Consider the group G of all invertible s × s matrices with the embedding:
. . , X 1s , . . . , X s1 , . . . , X ss )
We define the endomorphism [n] for n ∈ N. Let X := [X ij ] ∈ G and respectively X n := [X kl ] ∈ G, where we treatX kl as functions of
[n] (X 11 , . . . , X 1s , . . . , X s1 , . . . , X ss ) = X 11 , . . . ,X 1s , . . . ,X s1 , . . . ,X ss .
Using (3.2) we compute Jacobians of the n-th power of the matrix X
By induction and the property (3.3) of the Kronecker product we get:
Assume that X ∈ GL s (Z) is a diagonalizable matrix . Then X = P DP −1 , for some P ∈ GL s (C) and a diagonal matrix D = diag{λ 1 , λ 2 , . . . , λ s }. The set of matrices with distinct eigenvalues is dense in the set of all square matrices M s (C) with respect to the topology of C s 2 . Hence we can assume that X has different eigenvalues. Therefore
and the determinant divisibility sequence is of the form:
, we conclude that:
The last term on the right hand side is a product of values of symmetric polynomials computed at eigenvalues of the matrix X. The Galois group of the splitting field of the characteristic polynomial of X acts trivially on these algebraic integers, hence D n ∈ Z. For any n, m such that n divides m we have
. Therefore, the sequence D n is a divisibility sequence. For equal eigenvalues we compute D n using the exact form of symmetric polynomials instead of their fractional expression. If X is not a diagonalizable matrix, then instead of the matrix D we consider an upper-triangular matrix obtained from the Jordan form of X with eigenvalues λ 1 , λ 2 , . . . , λ r on the diagonal and eventually we get the same sequence D n .
Examples
1) Let X ∈ GL 2 (Z) and a = trX, b = tr 2 X − 4detX. Then using Theorem 1 we obtain the sequence presented in [1] , example 4.3:
2) Let X ∈ GL 3 (Z) and b = −trX, c = X 11 + X 22 + X 33 , d = − det X. The discriminant of the characteristic polynomial of X is ∆ = (4∆ 2 − 3c and ∆ 1 = 2b 3 − 9bc + 27d. We obtain the divisibility sequence defined by: 
